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gentzen’s calculus lk (propositional fragment)

Identity group: Structural group:

Additive group (context sharing):

Multiplicative group (context splitting):



the calculus lk (propositional fragment, one sided)

Identity group: Structural group:

Logical group:



cut-elimination theorems

Coarse form. The cut-rule is admissible.

Refined form. For every derivation there is
a cut-free derivation  such that .

Denotational semantics:

Define functions  mapping derivations to denotations, such that
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cut-elimination theorems

Refined form. For every derivation there is
a cut-free derivation  such that .

Interesting invariants:

Coarsest – correctness and conclusions.

Finest – normal form (if unique).

Intermediate ones?



cut-elimination – key cases



cut-elimination – structural cases



cut-elimination – commutative cases (examples)



pathological critical pairs



pathological critical pairs



lafont’s example & co. (proofs and types, 1989)

Assumption 1. There is a denotational interpretation  mapping LK derivations to 
denotations in some space X.

Assumption 2. The interpretation is such that  and .

Fact. , hence .
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pathological critical pairs
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idea #1 – tracking axioms

Track existence, avoid counting.
(Andrews 1976, Lamarche & Straßburger 2004+)

Theorem (Führmann & Pym 2004). Mating graphs decrease under cut-reduction.
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matings are not invariant under duplication!



idea #2 – target invertibility
Identity group:

Logical group:

Structural group:
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idea #2 – target invertibility

Theorem. Mating graphs are invariant under arbitrary
permutations of logical rules in the cut-free fragment of GS3.



idea #3 – add branch annotations
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idea #3 – add branch annotations
(1)

(1)

(2)

(3)

(3)

(2)

(4)

(4)



named formulas & sequents

Sharing-free formula, sequent, set of formulas: each name occurs at most once.

(negation)

(congruence)

(sequent)

(underlying 
formula)



named derivations
Identity group:

Logical group:

Structural group:



branch-labeled matings
Pairs

where

such that

 is a set of names (vertices)

 is a relation between unordered pairs of 

vertices (edges) and arbitrary sets of vertices (branch labels),

Operations: Subgraph relation:



branch-sensitive composition

Composition:

where for all 

if and only if there is a complete alternating Z-labeled path

between G and H through the interface I,

such that  and .



branch-labeled alternating path

Labeling modulo interfaces:

Alternating X-labeled path between G and H through the interface I:

a finite sequence  of pairwise distinct vertices, such that

(i)  for all  (internal vertices lie in the interface I)

(ii) either  for all odd  and  for all even ,
or  for all odd  and  for all even ,

where .

Complete if  (i.e. the endpoints lie outside the interface).



the interpretation



main results

Theorem (Soundness). Branch-annotated mating graphs are invariant
under arbitrary permutations of logical rules in the full calculus.

Proof sketch

1. Use compositionality.

2. Trivial for logical, union rule commutations.

3. For commutations involving cuts, reason about alternating paths.
The only complex case is the conjunction-cut one.



main results

Theorem (Cut-elimination). For any GS4 derivation there is
a cut-free GS4 derivation with the same conclusion and denotation.

Proof sketch

1. Upon finding a cut, normalize recursively its sub-derivations.

2. Use logical rule permutations to reduce the conclusion
of the cut to an atomic clause.

3. Compute the denotation and reconstruct the resulting derivation.





main results

Theorem (Sequentialization). A branch-annotated mating G is correct w.r.t. some
sequent  if and only if there is a GS4 derivation  whose denotation is G

Moreover, the size of P is polynomially bounded by the size of G.



main results

Theorem (Sequentialization). A branch-annotated mating G is correct w.r.t. some
sequent  if and only if there is a GS4 derivation  whose denotation is G

Moreover, the size of P is polynomially bounded by the size of G.

Rule permutations are identities

Efficient invertibility

Admissibility of rules by algebraic reasoning



shortcomings

• Cuts do not commute!

• No local cut-reduction procedure.

• Has the original problem been solved? Unclear.

• No predicate calculus.



thank you


