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GENTZEN,S CALCULUS LK (PROPOSITIONAL FRAGMENT)

F.Gi=a|=-F|F->-G|FVG|FANG (a € A)

Identity group: Structural group:
/ / ’ F.F,I'HA
F|—F aX F|_A,F F,F |_A cut F,F,G,F/l_A <ch - FI—A vk - s 4Ly ctr -
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- xch - wk —ctr
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Additive group (context sharing):
F,.I'A I'=AF
FAG,I'=A I'-AFvG@G Multiplicative group (context splitting):
G,I'+A I'+AG I'=AF I'-AF G, I+ A
/\rl_ I_Vr - / ’ — =
FAGTHEA I'AFvVG - F, 't A F->G,I',T"HA A
I'-AF I'HAG F.I'A G, I'+A F,.I'A F,.I'-AG

I'CAF NG FvaGg I'EA I'A - F I'-AF -G



THE CALCULUS LK (PROPOSITIONAL FRAGMENT, ONE SIDED)

FGi=al|la|FVG|FANG (a € A)

(&)=a (a)=a FVG=FAG FAG=FVG

Identity group: Structural group:
——ax +FI,A FAA =1 —1,A,A
-A,4 A " A A

Logical group:

-IAB | FIA FAB
—I", AV B —I",A,AAB

N



CUT-ELIMINATION THEOREMS

Coarse form. The cut-rule is admissible.

Refined form. For every derivation P\ ['there is
a cut-free derivation Q I such that P —* Q.

Denotational semantics:

Define functions |—| : LK - X mapping derivations to denotations, such that

P— Q@ = [P]| =|Q]
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Interesting invariants:
Coarsest — correctness and conclusions.

Finest — normal form (if unique).
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CUT-ELIMINATION THEOREMS

Coarse form. There is a rewriting relation that preserves correctness
and conclusions and decreases the number of cuts.

Refined form. For every derivation P\ ['there is
a cut-free derivation Q I such that P —* Q.
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Intermediate ones?



CUT-ELIMINATION — KEY CASES

b Q@ R e
F.G ‘ ' —-1',F,.G +AF
—ILEG |, FALF EA4,,G N LY TALY o iR
-I',FV G 41,45, F NG - I',A,,G - 45,G
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cut cut
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CUT-ELIMINATION — STRUCTURAL CASES

5 z . p
- @ ‘
wk L — — -1’
=1 F AW wk
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. p | P Q@ 0
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CUT-ELIMINATION — COMMUTATIVE CASES (EXAMPLES)

P ; P - Q
- I',F,G,H y 2 _, +I,F,.GH -AH -
-1 FvVv G H A H - —~1I.F,G, A y
=1 FVvG,A —-I'.FvG,A
P i@ : P iR |
FIWEH DG R ., FILFH FAH - iQ
-1, I'5,FAGH =~ +AH -1, F, A SPNe

cut A
I_FLFZaF/\GaA |—F1,F2,F/\G,A




PATHOLOGICAL CRITICAL PAIRS

P iQ P QR P iR
-IF,G FALF 0GR — _FDEG | FALF FAG N FLLEG FAp,G @
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PATHOLOGICAL CRITICAL PAIRS

P .
P ¢ - Q
— [’ - A :
I «— wk — wk — = A
wk — — wk
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LAFONT,S EXAMPLE & CO. (PROOFS AND TYPES, 1989)

: . P : :
© ‘ @ ' Q
: [’ [’ '
I b wk — Wk — o v
wk = =1 F =1 F = wk
=17, 1 : — cut =1, [
ctr =11 ctr
1/ ctr =/
[’

Assumption 1. There is a denotational interpretation |—| : LK - X mapping LK derivations to
denotations in some space X.

Assumption 2. The interpretation is such that [P’] = [P] and [Q'] = [Q].
Fact. [P'] = [Q’], hence [P] = [Q].



LAFONT,S EXAMPLE & CO. (PROOFS AND TYPES, 1989)

p ;
P @ @
i -F G i
k =P H — Q= k
|_F’G WV I_F,H I_G,H cut Q I_F,G WV
—FF VG —F.G —FF VvV G
FF VG

Assumption 1. There is a denotational interpretation |—| : LK - X mapping LK derivations to
denotations in some space X.

Fact. [P'] = [Q'].



LAFONT,S EXAMPLE & CO. (PROOFS AND TYPES, 1989)

; P ' Q P Q@
R ? - - A ? - - A
1" A N wk — wk — wk wk
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=1, A cut D

-1, A -, A



PATHOLOGICAL CRITICAL PAIRS

@ .
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IDEA #1 — TRACKING AXIOMS

Track existence, avoid counting.
(Andrews 1976, Lamarche & Stral3burger 2004+)

- wk S wk
I—E,a/,ﬁ I—E,cz/,'y
7\ V -\ \V,
—aVa,p —a VvV oa,y




IDEA #1 — TRACKING AXIOMS

Track existence, avoid counting.
(Andrews 1976, Lamarche & Stral3burger 2004+)

7 wk 7 wk
I—E,a/,ﬁ I—E,a/,v
ARy — 220y
|_CZVCZ,,8 |—OJVC%")/




IDEA #1 — TRACKING AXIOMS

Track existence, avoid counting.
(Andrews 1976, Lamarche & Stral3burger 2004+)

— ax — ax _Fl ax — ax
— , —a, — , —a,a
—aAN\Na,a,a —a,a,a N\
=~ Cctr N7 ctr
—FaNa, - —a,a N\ @
paae———— cut




IDEA #1 — TRACKING AXIOMS

Track existence, avoid counting.
(Andrews 1976, Lamarche & Stral3burger 2004+)

— ax — f} ax ax
— , Fma — Faa
—aN\Na,a,a a,a N\«
=~ Cctr H_ / ctr
—FaNa, - —a,a N\ @
—~——— ———— cut



IDEA #1 — TRACKING AXIOMS

Track existence, avoid counting.
(Andrews 1976, Lamarche & Stral3burger 2004+)

Theorem (Fiihrmann & Pym 2004). Mating graphs decrease under cut-reduction.

—a N\ a,«, —a,a,a N\
=~ Cctr N7 ctr

—FaNa, - —a,a N\ @
—~——— ———— cut



IDEA #1 — TRACKING AXIOMS

Track existence, avoid counting.
(Andrews 1976, Lamarche & Stral3burger 2004+)

Axioms may be preserved, deleted,
duplicated, but never created.

~G.H. H

— _ ax ctr — —
=R F —G,H - H,
_ N\ —— Cctr
—F.F NG H —H
cut

—-F,F AG
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IDEA #1 — TRACKING AXIOMS

Track existence, avoid counting.
(Andrews 1976, Lamarche & Stral3burger 2004+)

Axioms may be preserved, deleted,
duplicated, but never created.

~G.H.H

E FF FGH 7 FEH
—x FGHH ot —— — A ~——ctr
-F F -G, H —F.F NG H - H
— A\ — — cut
- FANGH HRFAQH't
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MATINGS ARE NOT INVARIANT UNDER DUPLICATION!

— ax — ax
. . —F,F -G, G
p g —— Wk Wk
; i o _FEGF = FFGG
-F @, — — —
CFAGF A e I_F\LG’E_ I_—FVG,GA
FAGFAG © FFVGFVGFAG




MATINGS ARE NOT INVARIANT UNDER DUPLICATION!

-+ ax +—\— ax
| Q F.F - G.G
p \ @ —— Wk Wk
I : —F G, F —F .G,G
FF FGF R T Er . LFvGG
-FAGF " -G Voot T VEE
|_F/\G,F/\G or FFV_G,F_VG,F/\G ctr
FFEF NG —FFVGFNG

cut

—FFANG



MATINGS ARE NOT INVARIANT UNDER DUPLICATION!

-+ ax +—\— ax
| O - F F - G. G
p \ @ —— Wk Wk
; .. _FRGF = FFGG
-F +FQG,F 5 — — — —
— A - F
-FAGF " -G EVGE  PEVGG
—F vV QG FAG
FFANGENG rr _/%G‘\ ctr
FFEF NG —FFVGFNG

cut

—FFANG



MATINGS ARE NOT INVARIANT UNDER DUPLICATION!

-+ ax +—\— ax
| O F.F - G.G
p \ @ —— Wk Wk
I . —F G, F —F .G,G

—F +G,F . R - — V —— — _V
CFAGF A e I—F\LG,F —EFEvVG,G

A —
—-F VG FAG
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MATINGS ARE NOT INVARIANT UNDER DUPLICATION!

- ax +—— ax
. . —F, F -G, G
I : —F G, F —F .G,G
—F FGF Y v v

—-FvG,F -Fv GG




MATINGS ARE NOT INVARIANT UNDER DUPLICATION!

- ax +—— ax
. . —F, F -G, G
I : —F G, F —F .G,G
—F FGF Y v v

—-FvG,F -Fv GG




IDEA #2 — TARGET INVERTIBILITY

Identity group:
|—FAZaX - A F1,A )
cu
Y /'
Structural group:
A=A
sum
=/
Logical group:
—1",A,B ~I'"A +1I',B

A
—1',AVB v 1, ANANB



IDEA #2 — TARGET INVERTIBILITY

-A,B,C FABD -AB.C , FABD
-A,B.CAD —> FAVB,C ~ FAVBD
—~AVB,CAD —~AVB,CAD

-A,C FAD  FBC FBD -A,C FBC  FAD FBD

—A,CAD —B.CAD —s —~AAB,C —~AAB,D

—AAB.CAD A —AAB.CAD A



IDEA #2 — TARGET INVERTIBILITY

-A,B,C FABD -AB.C , FABD
-A,B.CAD —> FAVB,C ~ FAVBD
—~AVB,CAD —~AVB,CAD
-A,C FAD  FBC FBD -A,C FBC  FAD FBD
—A,CAD -B,CAD s —~AAB,C —FANBD
—~AAB,CAD —~AAB,CAD

Theorem. Mating graphs are invariant under arbitrary
permutations of logical rules in the cut-free fragment of GSS3.



IDEA #3 — ADD BRANCH ANNOTATIONS

Nax —— ax ————ax ——fax
Fa,a,a Fa,a,a Fa,a,a Fa,a,
wa SV — V — —V — S =V
FaV a,a FaVa,a FaVa,a FaVa,a

> H N\ _ _ /J_’/ N\
F(aVa)\(aV a),a F(aVa)\(aV a),a

S — —— cut



IDEA #3 — ADD BRANCH ANNOTATIONS

m ax — ax —ax —f\— ax
- @ Fa,a,a Fa,a,a Fa,a,
- \ VvV — Vv —V ——5V
I—a: , FaVa,a —FaV a,a FaVa,a
H A\ _ /J_’/ A\
(aVa)/\(acVa),cg__= HF(aVa) A (aV a),a ot
ana)/\(aVa
o
— ax —ax — ax —ax
Fa,a,a Fa,a,a Fa,a,a Fa,a,a
— V — —V — V — —V
FaV a,a FaVa,a FaV a,a FaVa,a
— cut — cut
FaV a FaVaA

—F(aV a) A (aV @)



IDEA #3 — ADD BRANCH ANNOTATIONS

(1) (2) (3) (4)
m ax — ax — —aX _ (\_aX
- @ Fa,a,a Fa,a,a Fa,a,
- \ vV —— V —V
I—a: , FaVa,a —FaV a,a FaVa,a
H A\ _ /J_’/ A\
(a a)/\(aVa),cg_“ —F(aVa)\(aVa),a ut
wﬁvm/\(av& _______
o
(1) (3) (2) (4)
— ax —ax — ax —ax
Fa,a,a Fa,a,a Fa,a,a Fa,a,a
— V — —V — V — —V
FaV a,a FaVa,a FaV a,a FaVa,a
— cut — cut
FaV a FaV a

—F(aV a) A (aV @)



NAMED FORMULAS & SEQUENTS

AB:=qa_ |a . |AVB|AAB (a€ AxeN)

(@¢)=a, (a)=a, AVB=AAB AANB=AVB (negation)
al=a lal=a IAVBI=AIABI AABI=AlVIB  ®geing
A=B < J|A| = |B]| (congruence)

—A4,...,A, (sequent)

Sharing-free formula, sequent, set of formulas: each name occurs at most once.



NAMED DERIVATIONS

Identity group:

ax. . o Y

— A.,B —I'A HI1',A
- 'AB 7 (A=B) cut
/'
Structural group:
A=A )
=/

Logical group:

—1",A,B ~I'"A +1I',B

A
—1',AVB v 1, ANANB



BRANCH-LABELED MATINGS

Pairs G (H,K,..) = <VG9_<G)

where Vg C N is a set of names (vertices)

<a C (‘;G) X 5P (V) is a relation between unordered pairs of

vertices (edges) and arbitrary sets of vertices (branch labels),

suchthat e<g X = eCX

Operations: Subgraph relation:
GUH = (Vo U Vy,<a U =<g) GCH < Vg CVygA=<gC=<g

Glx =(VgnNX,{(e,Y) €E<xg | Y CX})



BRANCH-SENSITIVE COMPOSITION

Composition:

G@IH= ((VGUVH) \Ia_<) (ICN)

whereforall x #y € (Vo U Vy) \ 1
xy < /4
if and only if there is a complete alternating Z-labeled path
21y 32y
between G and H through the interface I,

such that z; =x and 2z,, =Y.



BRANCH-LABELED ALTERNATING PATH

Labeling modulo interfaces:

e <X & Y. e<gY AX =Y\I

Alternating X-labeled path between G and H through the interface I:

a finite sequence X1, ...,X, € Vo U Vg of pairwise distinct vertices, such that

(i) x; € I for all 1 < i < n (internal vertices lie in the interface I)

(ii) either e; <IGX forallodd 1 <7 < n and e, <§JX for alleven 1 <i < n,
or e; <§{X forallodd 1 <i < n and e; <€}X for alleven 1 <1 < n,

where €; = X;X;. 1.

Complete if x1,x,, & I (i.e. the endpoints lie outside the interface).



THE INTERPRETATION

axX,,, = |
=1, a,,a, Calyd || (names(/', @, @,),{xy <names(l’, ay,a,)}) (I atomic)
P iQ
-rA FTA = [Ploa @
u
[’
. Pl . Pn
-1, - T, | = [P4{]u...u[P,] (rule € {U,V,A})
rule




MAIN RESULTS

Theorem (Soundness). Branch-annotated mating graphs are invariant
under arbitrary permutations of logical rules in the full calculus.

Proof sketch

1. Use compositionality.
2. Trivial for logical, union rule commutations.

3. For commutations involving cuts, reason about alternating paths.
The only complex case is the conjunction-cut one.



MAIN RESULTS

Theorem (Cut-elimination). For any GS4 derivation there is
a cut-free GS4 derivation with the same conclusion and denotation.

Proof sketch

1. Upon finding a cut, normalize recursively its sub-derivations.

2. Use logical rule permutations to reduce the conclusion
of the cut to an atomic clause.

3. Compute the denotation and reconstruct the resulting derivation.






MAIN RESULTS

Theorem (Sequentialization). A branch-annotated mating G is correct w.r.t. some
sequent 1" if and only if there is a GS4 derivation P+ 1" whose denotation is G

Moreover, the size of P is polynomially bounded by the size of G.



MAIN RESULTS

Theorem (Sequentialization). A branch-annotated mating G is correct w.r.t. some
sequent 1" if and only if there is a GS4 derivation P+ 1" whose denotation is G

Moreover, the size of P is polynomially bounded by the size of G.

Rule permutations are identities
Efficient invertibility

Admissibility of rules by algebraic reasoning



SHORTCOMINGS

* Cuts do not commute!
* No local cut-reduction procedure.
* Has the original problem been solved? Unclear.

* No predicate calculus.
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